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Abstract 



It was found in [Phys.Lett.B 675 (2009) 98] that information is conserved in the process of black hole evaporation, by using the 
tunneling formulism and considering the correlations between emitted particles. In this Letter, we shall include quantum gravity 
effects, by taking into account of the log-area correction to Bekenstein-Hawking entropy. The correlation between successively 
emitted particles is calculated, with Planck-scale corrections. By considering the black hole evaporation process, entropy conserva- 
f^) tion is checked, and the existence of black hole remnant is emphasized. We conclude in this case information can leak out through 
the radiation and black hole evaporation is still a unitary process. 
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In 1975 Hawking discovered the remarkable fact that black 
holes radiate a thermal spectrum of particles and the temper- 
ature of this radiation depends on the surface gravity k of the 
black hole |JLJ] . The discovery of temperature also gives con- 
nections between black holes and thermodynamics yO . During 
black hole evaporation, all information about the original quan- 
tum state that formed the black hole seems to be lost, and a 
pure quantum state can evolve into a mixed one, thus violating 
the unitarity in quantum mechanics (3D. Many attempts have 
been made to resolve the so-call information loss paradox 0]. 
Recently, using the non-thermal radiation spectrum obtained by 
tunneling formulism fl5j|6j,|7[], it is pointed out in [8] that corre- 
lations exist among emitted particles, and information is leaked 
out through the radiation. The total entropy is conserved and 
the black hole evaporation process is unitary. However, quan- 
tum gravity effects is not considered in resolving this paradox. 
The black hole spectrum seen from an observer at infinity is 
dominated by modes that propagate from "near" the horizon 
where they have arbitrarily high frequencies and their wave- 
lengths can easily go below Planck length [91] . It is plausible 
that the motion of particle tunneling through the horizon might 
be affected by Planck-scale corrections. As a result, statistical 
correlation between quanta emitted and the fate of black hole 
in its late stages of evaporation are also influenced by quantum 
gravity effects. So it is essential to include quantum gravity cor- 
rections. A modification of radiation spectrum, which includes 
Planck-scale corrections, is proposed in II 1011 . In this letter we 
shall calculate the correlations in the situation of quantum grav- 
ity corrections. We shall also check the conservation of entropy 
in radiation process. We emphasize that the existence of black 



hole remnant is essential to preserve entropy conservation, af- 
ter inclusion of quantum gravity corrections, while in classical 
cases black hole would evaporate completely. 

Tunneling formulism has been proved as a relatively sim- 
ple and straightforward methocl to calculate Hawking temper- 
In Section [2] we review 
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ature and radiation spectrum 
the key ingredients of this method and its close relation with 
black hole thermodynamics. The modified radiation probabil- 
ity is then obtained from the quantum gravity corrected black 
hole entropy. Using this probability, correlation between two 
successively emitted particles is calculated in Section[3] In sec- 
tion @]black hole evaporation is treated as a process of succes- 
sive particles emitted out, and entropy carried by radiation is 
calculated. Furthermore, entropy conservation is checked and 
the existence of black hole remnant is discussed. 



2. Tunneling, thermodynamics and modified radiation 
spectrum 

In this section we briefly review the tunneling formulism, and 
show that it is closely related to black hole thermodynamics 

iIIElIELI . 

Consider a general class of static, spherically symmetric 
spacetime 



dr 

ds 2 = -A(r)dt, 2 + + r 2 d&, 

s B(r) 



(1) 



t s is Schwarzschild time. The horizon is r#, with A(rn) = 
B(r H ) = 0. For Schwarzschild black hole, A(r) = B(r) = 1-2M 
and ru - 2M. This metric has a coordinate singularity at 
r - rn, which can be removed by transforming to Painleve 
coordinates 
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ds 2 = -A(r)dt 2 + 2A(r) 
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with transformation dt s — dt - - S^^^ dr. The test particle 
is a massless spherical shell, which travels along radially null 
geodesies in this background 



(2) 



where the positive (negative) sign gives outgoing (incoming) 
radial geodesies. Since A(r), B(r) are zero on the horizon, we 
can expand them as the following forms 

A(r) = A'(r H )(r - r H ) + 0{r - r H ), 
B(r) = B'(r H )(r - r H ) + 0(r - r H ). 

The surface gravity on the horizon is a Christoffel component 
for our choice of metric 



K ~ 1 00 _ - 



l-fi(r) ,dA(r) i 
B(r)- 



2yA(r)B(r) ' dr 
Near horizon, surface gravity can be expressed as 

« = \ ^A'(r H )B'(r H ) + 0((r - r H ) 2 ). 
and the null radial geodesies equation © is rewritten as 

r = \ ^A'(r H )B'(r H )(r - r H ) + 0((r - r H f) 
= (r - r H ) k. 



(3) 



(4) 



(5) 



The tunneling rate for particles through the event horizon is 
related to the imaginary part of the particle's action, F ~ 
exp(-2lml), and 



Im(J) = Im | p,dr = Im I I — — 

= -Im | I — — dr. 

Jr,„ Jo r 



(6) 



Here we have used Hamilton's equation r = J^jf-, and H — M - 
co, where to is the energy of emitted particle, and M mass of 
black hole. By inserting Eq.© into ©, and setting r-r# = ee' e , 
the above integral is performed on a semicircle centered at the 
real axis pole r#, 



Im(J) = 



n r out ^ w 
Jr in JO 

Jo 



dco'dr 



(r - r H ) k(M - to>) 
dto' 



(r - r H ) k(M - co') 



(7) 



> r„ 



since horizon would shrink 



It should be noticed that r,> 
after emission. 

According to corrections of surface gravity lfl2l[T4ll . even in 
case of higher order quantum effects, Hawking temperature can 
still be expressed as I = where kqg is quantum gravity 
surface gravity, with respect to classical k. Based on the first 
law of thermodynamics dco' = dM' = we have 



Im(I) 



2 JS(M) 



dS = -(S(M)-S(M-co)), 



or more precisely 

Im( I) = ~(Sqg(M)-S qc (M - co)), (8) 
where S qg is the corrected area entropy for black hole 
A A ^-^ 

This logarithmic correction is introduced both by string theory 
and loop quantum gravity H H [H H Hi, in which the 
value of a is different. For Schwarzschild black hole, the area 

of horizon is A = ^nr 2 H - 16nM 2 , and L p = J~^f is Planck 
length. In units G-c-ks-h - 1, L p = 1. According to T ~ 
exp(-2lml), the emission probability formula with quantum 
correction is 

T ~ exp(AS qg) = (1 - ^) 2a exp (-%nco{M - |)) . (10) 

This expression is the basis of the following discussions. Quan- 
tum gravity effects give an additional factor depending on the 
energy of emitted particle and the mass of black hole. The con- 
sequences of this factor is discussed in the following sections. 

It has been argued that the expression T ~ exp(-2lml) = 
exp(-2lm J p r dr) is not canonically invariant Il20l 12111 . How- 
ever, it must be invariant in order to describe proper quantum 
mechanical observables. This problem can be solved by us- 
ing Im j> p r dr instead of 21m J p r dr. But using this canonically 
invariant formula leads to the so-called factor 2 problem, i.e., 
the temperature obtained is twice of the standard Hawking tem- 
perature 11221 1 1 311 . The final solution is that, after adding the 
contribution of time variable transformation across the horizon 



1 23, 24], the correct temperature is recovered. As pointed out in 
1 2511 . the original expression 21m J p, dr gives the correct result 
in Painleve coordinates, due to cancellation of the above two 
contributions. So we have used this original expression in our 
calculation. 

3. Correlation between successive emissions 

The expression ( TTOb . obtained by semi-classical tunneling 
method, shows deviation from thermal spectrum radiation. It 
is a result of back-reaction, after considering conservation of 
energy j26ll . Such a spectrum is an intriguing result, which 
may give some suggestions to the so-called black hole infor- 
mation loss paradox [3]. Many relevant discussions, e.g. 1I27I1 , 
predicted on the idea of a purely thermal spectrum. 

Consider two successive emissions, with energy toy and C02 



1 28]. The statistical correlation between quanta of hawking ra- 
diation is calculated, and the conclusion of trivial correlation is 
made in ifioll . However, we believe that, as in |@], the tunnel- 
ing formulism, especially the deviation from thermal spectrum, 
should give some hints to the information paradox. Now we 
calculate the correlation using (fXOt . 

Firstly, if a black hole of initial mass M emits a particle of 
energy co\, it follows that the associated probability is given by 

F( Wl ) = (1 - ^) 2a exp(-%nLOx{M - y)). (11) 



The second emission, on the condition that the first one is io\, 
is 

T{co 2 \u x ) = (1 - tt^) 2 " 



M - a) 



exp I —8ttll>2(M - cj\ — — ) I . 



(12) 



i.e., r(o>2|wi) is the conditional probability [8]. The emission 
of quanta a>\ + a>2 



r(^ 1+ ^) = (i-^^) 2 » 



exp \~%n{u>\ + a>2)(M ) I . 



(13) 



We can check that T(a>\, <x>2) = T(u>i)T{(jl>2\<x)\) = T(ui + 0)2). 

The statistical correlation [28] between emissions u\ and 0)2 
is measured by 

X(wi + W2\ <*>i, oil) 

— lnY(u)\ + 0J2) — lnT(a>i) — lnT(a>2)- 

In order to get F(oJ2), we integrate the a>\ variable in T{cij\ , CJ2) 
and normalize it 
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Y(cj)dcL), 



Y(u)\,t02)d<ji)\. 



A Jo 

Substituting ( TTOb and ( [T3l into the above expression, actually 
we need not do the integral, because the fraction is reducible. 
The result is 

T{oj2) = (1 - ^f a exp (-8koj 2 (M - ^)) . (14) 
Now we can calculate the statistical correlation 



X(0Jl + CjJ2\OJ\,OJ2) 

q ; (i a>lC ° 2 
— i$7t<l>]U)2 + lain 1 

\ (M - oji)(M - oj 2 ) 



(15) 



This nontrivial result shows that subsequent emissions are sta- 
tistically dependent, and correlations must exist between them. 
As discussed in ||8j], the amount of correlation hidden inside 
Hawking radiation is precisely equal to mutual information be- 
tween the two sequential emissions. Our result is based on a 
tunneling formulism where energy conservation and back reac- 
tion are enforced. This nontrivial correlation plays an important 
role in considering the information paradox. It indicates that 
information would leak out during radiation. In order to calcu- 
late entropy carried by Hawking radiation, the entire process of 
black hole evaporation should be considered. After inclusion 
of the mutual information carried by radiation, conservation of 
entropy during black hole evaporation is checked in the next 
section. However, even considering logarithmic corrections, 
tunneling formulism is still a semi-classical method, and the 
entire resolving of information paradox is dependent on a com- 
plete quantum gravity theory (e.g., details of how information 
is coded in the correlation should be explained). 



Recently, nontrivial correlation is also obtained in B29I1 . 
where Generalized Uncertainty Principle (GUP) and a modi- 
fication of commutation relation is considered, and similar con- 
clusion of information leaking out is made there. However the 
influence of conditional probability is not considered in their 
calculation, and the nontrivial correlation entirely originates 
from the GUP effects. So their discussion is not the same as 
ours. 

4. Entropy conservation and black hole remnant 

Now let's consider black hole evaporation, based on the 
highly non-thermal spectrum ( TTOb . The specific process is that 
particles u)\ , a>2, ■ ■ ■ , a>„ are successively emitted from the black 
hole. According to T ~ e AS , black hole gradually loses its en- 
tropy during evaporation. The entropy is carried out both by 
the emitted energy and the correlations between them. As sug- 
gested by (8J], the total entropy carried out by radiation is 



n i-\ 



7=1 



with 



n o> 1 ) = (^p? a e X p(-$™ l (M-^)), 



r(w 2 |wi) = (- 



M 
M 



■10] 



M - (L> 



exp ^—%nu)2{M — co\ — ^-)j , 



T{u„\(jJ\, U>2, 



) = (- 



\2<r 



and oj\ + u>2 + 
Then, 



exp ^-87r«„(w„ + o) c - y-)j , 

h co„ + oj c — M, <d c is black hole remnant. 



S = ~ ln ((^) 2a exp{-An{M 2 - oj 2 c ))j 



An M + aln- 



M 1 



(17) 



We must emphasize that the existence of a> c is essential in the 
above calculation. Otherwise, if a> c = 0, the whole T-products 
in ( [ToT l would be zero, and the entropy would be divergent! The 
origin of this divergent is that the quantum gravity corrected en- 
tropy (0 is not valid for an infinitesimal black hole. In string 
theory the sign of a depends on the number of field species ap- 
pearing in the low energy approximation B16I1 . In the case of 
loop quantum gravity a is a negative coefficient, whose value 
has been rigorously fixed at a = -A 113011 - Assume that a < 0, a 

black hole remnant cd c = is suggested and argued in 1 31 ] . 
This remnant can also be obtained by demanding the critical 
mass given by (0, on the condition that black hole entropy is 



3 



monotonic increasing with its mass, i.e., -^-\u=b> c — 0- In clas- 
sical cases black hole would evaporate completely, and the en- 
tropy is carried out entirely by radiation. After including quan- 
tum gravity effects, the appearance of black hole remnant is nat- 
ural, since generalized uncertainty principle may prevent black 
hole evaporating completely [32]. The idea of a black hole rem- 
nant also comes from non-commutative geometry which intro- 
duces a minimal length via a non-trivial commutation relation 
between coordinates J33.134, 35t[. But in the absence of a well- 
defined quantum gravity theory, an exact formula of remnant is 
unavailable. 

The Bekenstein-Hawking Entropy of black hole exactly sat- 
urates the Bekenstein's entropy bound [36]. According to 
Bekenstein's entropy bound should also be applied to the rem- 
nant. We assume the remnant is something that has black hole 
properties and also saturates the bound. Therefore the entropy 
of remnant should have a similar form as a black hole. With 
logarithmic correction, S c = Anoi^ + aln\(mo^ c . Eq.(IT7b can 
further be expressed as 



AnM + aln- 



16nM 2 



Anioz 



= ( — h alnA) - (Anor. + aln\6nar) 
= S qc - S c . 



(18) 



We interpret this formula as conservation of entropy, which 
means that total entropy of original black hole is equal to the ad- 
dition of entropy carried out by radiation and entropy of black 
hole remnant. In a recent paper, the idea of entropy conserva- 
tion is also found on tunneling formulism applied to FRW cos- 
mology model [38]. Our result, together with |g], implies that 
in considering Hawking radiation as a tunneling process, no in- 
formation loss occurs, and therefore black hole evaporation is a 
unitary process. 



5. Summary 



Using tunneling formulism and quantum gravity corrected 
entropy, the modified radiation probability is derived. Based 
on this probability, we have discussed the correlation between 
successively emitted particles. Black hole evaporation process 
is considered and conservation of entropy is checked. The role 
of black hole remnant is important in considering this process, 
otherwise the entropy would be divergent. We conclude that, 
in the case of quantum gravity corrections, the information loss 
paradox can also be explained, and unitarity of black hole evap- 
oration process can be preserved. 
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